Abstract. We approach the construction of Bäcklund transformations for Darboux integrable hyperbolic partial differential equations in the plane through the reduction of exterior differential systems.
Introduction
Let I be an exterior differential system (EDS) on a manifold M and let p : M → N be a smooth submersion. We define the reduced differential system I/p on N by (1.1)
In the special case where G is a symmetry group of I which acts regularly on M , we shall write and B is the Bäcklund transformation.
Bäcklund transformations (1.2) can then be constructed using EDS reduction (1.1) as follows.
Theorem 1.1. Let I be a Pfaffian system on M and with symmetry groups G 1 and G 2 . Let H be a subgroup of G 1 and G 2 , and assume that is a commutative diagram of EDS, where p 1 and p 2 are the orbit maps defined by (1.4) p 1 (Hx) = G 1 x, and p 2 (Hx) = G 2 x for all x ∈ M.
[ii] If the action of G 1 and G 2 are transverse to I, then q G1 , q G2 , p 1 and p 2 are all integrable extensions, and I/H defines a Bäcklund transformation between I/G 1 and I/G 2 .
In this article we will apply Theorem 1.1 to PDE in the plane. Let M ⊂ J 2 (R 2 , R) be (1.5) M = { p ∈ J 2 (R 2 , R) | F (x, y, u, u x , u y , u xx , u xy , u yy ) = 0 } where F is a hyperbolic PDE in the plane and let I 2 be the standard rank 3 hyperbolic Pfaffian system determined by the restriction of the contact system on J 2 (R 2 , R) [8] to the level set M in equation (1.5) . Associated with the hyperbolic system I 2 are a pair of rank 5 Pfaffian systemsV andV called the characteristic [8] or singular Pfaffian system [3] . A function f ∈ C ∞ (M ) is called a Darboux invariant if df ∈V or df ∈V , while the rank of the integrable subsystemsV ∞ ⊂V anď V ∞ ⊂V determine the number of independent invariant. The differential system I 2 is said to be Darboux integrable (and not Monge integrable) if rankV = rankV = 2. Our first theorem constructs
Bäcklund transformations between generic PDE satisfying the Darboux integrability condition and the wave equation given as an EDS by I s=0 . Theorem 1.2. Let I 2 be a rank 3 Pfaffian system on a seven manifold M for a second order hyperbolic PDE in the plane which is Darboux integrable with singular Pfaffian systemsV andV satisfying rankV ∞ = 2, rankV ∞ = 2. If the Vessiot algebra for I 2 is not so(3), then a local Bäcklund transformation β with 1-dimensional fibre between I 2 and I s=0 can be constructed through symmetry reduction (1.6) whereB is a rank 2 Pfaffian system on a 6-manifold and is a Bäcklund transformation with one dimensional fibre between the Monge-Ampère representationĪ 2 on a five-dimensional manifold for the PDE F = 0 and the Monge-Ampère systemĪ s=0 for the wave equation.
The Bäcklund transformationB can also be obtained using the following theorem. 2 ) is not so(3), and let C 1 + C 2 be the standard contact structure on J 2 (R, R) × J 2 (R, R). Then there exists two Lie
is two dimensional, which produces a (local) Bäcklund transformationB with one dimensional fibre betweenĪ 2 andĪ s=0 by the reduction diagram (1.8) The converse of Theorem 1.4 is proved in [2] . Given a Bäcklund transformation on a 6-dimensional manifold between a Monge-Ampère systemĪ 2 which is Darboux integrable (and not Monge integrable) after prolongation, and the Monge-Ampère system for the wave equation, there exists a three dimensional Lie algebras of vector-fields Γ G2 , and two-dimensional sub-algebra Γ H ⊂ Γ G2
such that the Bäcklund transformation B can be constructed by symmetry reduction. In particular, the equation
has Vessiot algebra so(3) which has no two-dimensional subalgebra. Preliminaries. An EDS I ⊂ Ω * (M ) on a manifold M is a differentially closed ideal (see [4] , and [9] ). The EDS I has constant rank if each of its homogeneous components
with the sections S(I k ) of a constant rank sub-bundle
we let A alg and A diff be the algebraic and differential ideals generated by A.
A constant rank Pfaffian differential system I is an EDS for which there exists a sub-bundle
We also refer to a constant rank sub-bundle I ⊂ T * M as a Pfaffian system.
A local first integral of a Pfaffian system I is smooth function f U → R, defined on an open set U , and such that df ∈ I. For each point x ∈ M we define
We shall always assume that
x is a constant rank bundle on M . It is easy to verify check that I ∞ is the (unique) maximal, completely integrable, Pfaffian subsystem of I. The bundle I ∞ can be computed algorithmically from the derived flag of I. The derived system I ′ ⊂ I of a Pfaffian system I is defined pointwise by
The system I is integrable if it satisfies the Frobenius condition if I ′ = I. Letting I (0) = I and assuming I (k) is constant rank we define inductively
where N is the smallest integer where
rank. More information about this sequence can be found in [4] , and [9] .
We also recall the definition of an integrable extension [5] . First, if I and J are differential systems, we let I + J = I ∪ J alg which is also a differential system. Let p : M → N be a surjective submersion and I an EDS on N . An EDS E on M is called an integral extension of I if there exists a subbundle
A sub-bundle J satisfying these two properties is called an admissible sub-bundle for the extension E. Given any (immersed) integral manifold s : P → M of E, then by condition (2.2a) the composition
then by condition (2.2b) the restricted of the EDS E to p −1 (s(P )) is an integrable Pfaffian system. 
Clearly any p semi-basic k-form takes values in
is the rank r sub-bundle given point-wise by 
there exists a sub-bundleĪ 
where Ψ X t is the flow of X.
Condition (2.5) is equivalent to the condition that for all θ ∈ S(I k )
for all vertical vector-fields X. See Proposition 6.1.19 in [9] . Note that
In analogy with the definition of I/p in (1.1) the reduction of a bundle
Lemma 2.1 then has the following corollary. .3)) are constant rank and satisfy the vertical invariance condition in equation (2.5) (or (2.6)) then
[ii] I/p is a constant rank EDS (with bundlesĪ k ), and
The vertical invariance conditions in Theorem 2.3 can be inferred from the invariance of I. Proof. Let X and Y be vertical vector fields on M , and let Ψ X be the flow of X. Then follows by induction
The following lemma is particularly useful for computing local basis of sections in reduction.
, and let σ : U → U be a local cross-section to p. Then
[iii] Given a local basis of sections {θ a } for I k p,sb | U and a cross-section σ :
[iv] About each point x ∈ M there exists an open set U and a local basis {θ a } of sections for
where each θ a is p basic. 
where the forms p * ᾱs are p basic.
2.3.
Reduction by Cauchy Characteristics. Here we briefly review the theory of reduction by Cauchy characteristics again see [4] , [9] and relate this to the previous section.
Let ∆ ⊂ T M be an integrable distribution. Given x ∈ M we denote by S x the maximal (connected) integral manifold through x. Let q ∆ : M → M/∆ be the quotient map by the maximal integral manifolds of ∆ and so q ∆ (x) = S x . We call ∆ regular if M/∆, endowed with the quotient topology, admits a unique manifold structure such that q ∆ is a smooth submersion. Note that regularity implies ∆ is constant rank.
Let I be a constant rank EDS. The set (2.9)
is the space of Cauchy characteristic of I which is an integrable distribution [4] . From here on we will assume that A(I) is regular and denote by q A : M → M/A(I) the smooth quotient map to the leaf space.
The main theorem on the reduction by Cauchy Characteristics is the following, see [4] , [9] . 
is an integrable sub-distribution of the Cauchy characteristics of I p,sb alg . Then
In other words the reduction I/p is Cauchy characteristic reduction of the EDS generated by the semi-basic forms by the subset V ert(M ). for all g ∈ G.
We assume the action of G on M is regular and a symmetry group of I and we shall write I/G in place of I/q G . Equation (1.1) gives (2.10)
The analogue to Corollary 2.3 in [4] , which characterizes basic forms, and Lemma 2.1 is the following.
The set I G,sb ⊂ I of q G semi-basic forms is
It follows in the same manner as in Lemma 2.5 that the subset I qG,sb is G-invariant. The analogue of Theorem 2.3 for symmetry groups is the following.
Theorem 2.10. Let G be a Lie group acting regularly on M which is a symmetry group of the constant rank EDS I. If the bundles I k qG,sb are constant rank, then
[ii] I/q G is a constant rank EDS (with bundlesĪ k ), and
The vertical invariance condition (2.5) is not necessary in Theorem 2.10 because of the hypothesis that G is a symmetry group of I. Also note, as in Remark 2.8, that the vertical space Γ G is a subset of the Cauchy characteristics for I qG,sb alg . If G has connected orbits then I/G is Cauchy reduction of I qG,sb alg by Γ G .
A symmetry group G of an EDS I is said to be transverse to I if
where I 1 ⊂ T * M is the sub-bundle whose sections are the differential 1-forms in I. The actions considered in this article will all satisfy the transversality condition (2.11). For more information on transversality in reduction see [1] . In particular in [1] it is shown that for transverse actions the hypothesis in Theorem 2.10 are satisfied and I/G is a constant rank EDS. For example, by equation (2.11) the rank of the one forms in I/G is given by rank (I/G)
2.5. The Derived System. We now examine the behavior of the the derived bundles for a Pfaffian system I ⊂ T * M , under reduction.
Theorem 2.11. Let I ⊂ T * M be a constant rank sub-bundle and assume thatĪ = I/p ⊂ T * N is constant rank. Then for any
where y = p(x), and
Proof. Let x ∈ M , y = p(x) and let U be an open set in N containing y whereθ i ,η a form a local basis of sections forĪ such that
be an open subset containing x where p * θi , p * ηa can be completed to a local basis of sections for I by θ r ,
and A r (x) = 0 by the condition ρ is p semi-basic at x. Taking into account that A r (x) = 0, the
where we may assume α r contain no p * θi
x is p semi-basic, and therefore since θ r x are now p semi-basic the term α r ∧ θ r x is zero. Furthermore the terms β i , γ a are p semi-basic which implies there exists
This equation implies B i (x) dθ i y ∈Ī ′ | y which by the choice of coframe forĪ in equation (2.13) gives
Finally to show the inequality (2.12) note that the index r in equation (2.14) satisfies 1 ≤ r ≤ rank I − rankĪ. This shows the inequality (2.12) holds. Corollary 2.13. Let I = S(I) dif f be the Pfaffian system generated by I ⊂ T * M , and supposē I = S(Ī) dif f is the Pfaffian system generated byĪ = I/p. Then
Remark 2.14. In Corollary 2.13, by definitionĪ ′ is the Pfaffian system generated byĪ
is not necessarily a Pfaffian system and so there is no reason for these to be equal. Corollary 2.13 does say that these two systems have the same set of one-forms.
Using definition (2.1) we now look at the reduction of I ∞ . We begin with the following lemma.
Lemma 2.15. Suppose that I ⊂ T * M is a constant rank completely integrable sub-bundle, and that I = I/p is constant rank. ThenĪ is completely integrable.
Proof. Since I is completely integrable I ′ = I and so I ′ p,sb is constant rank and I ′ p,sb = p * Ī ′ . However 
Bäcklund Transformations
We recall the following key result proved in [2] , from which Theorem 1.1 follows.
Theorem 3.1. Let G and H be Lie groups acting act regularly on M where H is a subgroup of G.
If G is a symmetry group of the EDS I which acts transversally to I, then 
Let Γ G2 be the prolongation of Lie algebra of infinitesimal generators for the local action of SL (2) acting diagonally on v and w,
and let
Let M be the open set v, v x , w, w y > 0. The distributions Γ H , and Γ Ga are regular on M . The manifolds M/Γ Ga are 7 dimensional while M/Γ H is 8 . With the following choices of coordinates
the quotient maps q ΓG 1 , q ΓG 2 and q ΓH in coordinates (3.5) are
where D x and D y are the total derivatives. Using the maps in equation (3.6) , the projection maps p 1 and p 2 which make the commutative diagram (1.6) are easily seen to be given in coordinates by
Since Γ Ga and Γ H consist of prolongations of vector-fields, they are infinitesimal symmetries of I and so we can use Lemma 2.5 to compute the reductions that produce diagram (1.3) (3.8)
For example the reduction I/Γ G2 can be checked by noting
or by using a cross-section σ : M/G 2 → M (Lemma 2.5). We also note that (3.10)
The structure equation
demonstrates Theorem 3.1 by directly verifying I/Γ H is an integral extension of I/Γ G2 .
Finally we point out that the reductions in (3.8) are the standard Pfaffian systems for the partial differential equations
and the prolongation of (3.11)
Note that eliminating V, W, V x , W y using equations (3.7) gives
which is the classical Bäcklund transformation relating the wave equation and Liouville's equation 
These assumption of regularity on the action of G and the distribution ∆ give rise to the two We now show, by virtue of the symmetry condition (4.1), that the group G acts naturally on M/∆ in which case we can construct the first iterated reduction (M/∆)/G. We begin with the following lemma.
Lemma 4.1. Let x ∈ M , g ∈ G and let S x be the maximal integral manifold of ∆ through x. Then
where S µ(g,x) is the maximal integral manifold of ∆ through µ(g, x).
Proof. Condition (4.1) implies, for all g ∈ G, that the function µ g : M → M maps integral manifolds of ∆ to integral manifolds. The image µ(g, S x ) is a connected integral manifold through the point µ(g, x) and is therefore contained in S µ(g,x) . Similarly µ(g −1 , S µ(g,x) ) ⊂ S x . These two inclusions
give
and so µ(g, S x ) = S µ(g,x) as required.
is well-defined and defines an action of G on M/∆. The projection map q ∆ : M → M/∆ is equivariant with respect to the actions µ andμ of G, that is,
Letq G : M/∆ → (M/∆)/G be the quotient map for the action in (4.2).
To define the second iterated reduction, we begin by using the G-invariance of ∆ in equation Proof. Let µ(G, x) ∈ M/G, and let
We need to check that p in (4.7) is well-defined by showing by showingq G • q ∆ (x) is independent of the point x in the orbit µ(G, x). Let x, x ′ ∈ M be two points which satisfy q G (x) = q G (x ′ ). If
then the function p will be well defined as a function on M/G. ) for some g ∈ G. We then compute,
Therefore p in equation (4.7) is well-defined.
We now give the second lemma. Proof. The distribution ker(p * ) is integrable and so we need to show it is regular.
We begin with a standard construction (see for example [10] , page 142). Define a partition on N
The function p is a submersion and therefore an open map, and the canonical bijection τ : Q → N/∼ given by
is a homeomorphism where N/∼ has the quotient topology. The differentiable structure on Q induces a differentiable structure on N/∼ compatible with the quotient topology in which case the map τ is a diffeomorphism. With this differentiable structure on N/∼, the functionq : N → N/∼ is then a surjective submersion.
We now show that ker(p * ) is regular by first showing that for each
where S x is the maximal connected integral manifold of ker(p * ) through x. Therefore the elements of N/∼ and N/ ker(p * ) are identical, the functions q ker(p * ) , andq are identical and so q (ker p * ) is a surjective submersion.
) is a connected (by hypothesis) integral manifold of ker(p * ) and
To show the reverse inclusion let x ′ ∈ S x , and since S x is connected, let γ : [0, 1] → S x be a smooth curve in S x joining x to x ′ . Since γ(t) ∈ S x , and γ(t) is smooth as a curve into N we have the tangent vectorγ(t) satisfyingγ(t) ∈ ker(p * ) for all t ∈ (0, 1). Consequently, the tangent vector to the curve p
shows S x = p −1 (p(x)). Therefore the elements of N/∼ and N/ ker(p * ) are identical which finishes the proof.
We now come to the main theorem on iterated reduction. Proof. The hypothesis that G acts regularly on M/∆ implies that π =q G • q ∆ in diagram (4.6) is a surjective submersion. By applying a generalization of Theorem 3.1 (to π and q G in diagram (4.6))
we have p is a surjective submersion (see Theorem 3.1 in [2] ).
We now show ker(p * ) is integrable and regular and that ker(p * ) =∆. Letx ∈ (M/∆)/G, then 
and S x is the maximal integral manifold of ∆ through x.
Similarly, let p 2 : M → (M/G)/∆ be the surjective submersion p 2 (x) = q∆ • q G (x). Then (M/G)/∆ is canonically diffeomorphic to the quotient space M/∼ 2 , where the ∼ 2 equivalence class,
andS qG(x) is the maximal integral manifold of∆ through q G (x).
Theorem 4.5 implies that the equivalence classes (4.12) and (4.13) are identical. By applying the projection q G to these equivalence classes we find (4.14)
In other words, by equations (4.14) and (4.15), the equivalence classes (4.12) and (4.13) are the same if and only if q G maps maximal integral manifolds of ∆ to maximal integral manifolds of the quotient∆,
Condition (4.16) is precisely the condition we need in order to construct the commutative diagram (4.5) and is satisfied given the regularity hypothesis stated in Theorem 4.5.
De-prolongation. Recall from section 2.3 that the Cauchy characteristics A(I) ⊂ T M of an
EDS I is an integrable distribution which we will assume to be regular where q AI : M → M/A I is the quotient map andĪ = I/q A I the reduced EDS (see Theorem 2.7). Combining iterated reduction and Cauchy reduction produces the following theorem.
Theorem 4.7. Let G be a symmetry group of I acting regularly on M . Then
[i] the Cauchy characteristics A(I) are G invariant and,
[ii] G is a symmetry group of I/q A I , where the action of G on M/A I is defined by equation (4.2)
(with ∆ = A(I)).
[iii] If the action of G on M and M/A I is regular then the following diagram commutes, Proof. We begin by proving A I is G invariant. If X ∈ A(I) then
Therefore g * X is a Cauchy characteristic and A(I) is G-invariant. This proves part [i].
We now check that the action of G on M/A I is a symmetry of I/q A I . Letθ ∈ I/q A I , and g ∈ G.
We compute q * AI •μ * g (θ) using the equivariance of q A I (equation (4.3)) to obtain
By hypothesis q * AI (θ) ∈ I and G is a symmetry group of I, therefore µ * g • q * AI (θ) ∈ I. Together with equation (4.18), this showsμ * g (θ) ∈ I/q AI , and thus G is a symmetry group of I/q AI . This proves part [ii] .
We now prove part [iii] . Part Proof. The proof thatĀ I is constant rank and integrable follows from Section 2.5 and is also given by Theorem 2.9 in [7] . We proceed with the second part of the lemma.
Let y ∈ M/G, Y ∈ (Ā I ) y ,θ ∈ (I/G) y , and x ∈ M with q G (x) = y. To show Y ∈ A(I/G) y , we need to show Yθ ∈ (I/G) y which is equivalent to showing q * G (Yθ) ∈ I x . Now since Y ∈ (Ā I ) y we may choose X ∈ (A I ) x satisfying q G * (X) = Y . We then have
Now X is a characteristic of I and so X q * Gθ ∈ I x . Therefore by equation (4.19), Yθ ∈ (I/G) y , which proves the lemma. where
Let y ∈ q G (U ) and suppose Y ∈ A(I/G) y is a Cauchy characteristic at y. Pick x ∈ U with q G (x) = y and X ∈ T x U with q G * (X) = Y . The transverallity hypothesis implies there exists a local basis {Z b } for Γ G at x such that
We claim that the tangent vector,
which satisfies (q G ) * Z = Y , also satisfies Z ∈ A(I) x . Once this is shown, the theorem is proved.
We check the characteristic condition for Z on the algebraic generators of I| U in equation (4.20) .
Clearly, by equations (4.22) and (4.23), θ
whereω ∈ I/G and (4.24)
By hypothesis, Y is a Cauchy characteristic and so Yω ∈ (I/G) y . The last line in equation (4.24) then implies Z ω G ∈ I. Applying this result to the generators θ Finally, we apply iterated reduction to the situation which will allow us to pass from diagram (1.6) to diagram (1.7). Let I be a Pfaffian system on M , with symmetry group G acting transversally to the derived system I ′ . Then I/G is a Pfaffian system [1] . However, even with the hypothesis that G acts transversally to I ′ , it is not necessarily true that (I/G) ′ = I ′ /G. One easy way to see why these may not be equal is that (I/G) ′ is always a Pfaffian system, while I ′ /G is a Pfaffian system if and only if G is transverse to I ′′ .
Let A(I ′ ) be the Cauchy characteristics of I ′ . The analogue to Theorem 4.7 is the following.
Theorem 4.11. Let G be a symmetry group of the Pfaffian system I.
[i] The Cauchy characteristics A(I ′ ) of I ′ are G invariant and,
[ii] G is a symmetry group of I/q A I ′ , where the action on M/A(I ′ ) is defined by equation (4.2) (with ∆ = A(I ′ )).
[iii] If G acts regularly on M and M/A I ′ then the following diagram commutes [iv] If G is transverse to 
By Lemma 2.13 (I/G) ′ ⊂ I ′ /G, and soτ 
.12 hold and we can form the de-prolongation diagram (4.25)
for each of (I, Γ G1 ), (I, Γ G2 ), and (I, Γ H ).
LetΓ Ga andΓ H be the projection (or reduction by A(I ′ ) as in Corollary 4.2) of the Lie algebras
. Combing the application of Theorem 4.11 three times, we get the commutative diagram where qΓ , and are given in coordinates bỹ
5. Bäcklund Transformations for Darboux Integrable PDE in the Plane 5.1. The Vessiot Algebra and Quotient Representation. Let F (x, y, u, u x , u y , u xx , u xy , u yy ) = 0 be a hyperbolic PDE in the plane and let I be the standard rank 3 hyperbolic Pfaffian system determined by the restriction of the contact system on
The following theorem is proved in [8] .
Theorem 5.1. Let I be the standard rank 3 Pfaffian system for a hyperbolic PDE in the plane on the seven dimensional manifold M . Then about each point x ∈ M there exists an open set U and a
The functions µ 1 , µ 2 are the Monge-Ampère invariants.
The singular or characteristic Pfaffian system for I are given by
For the next lemma we note that the Cauchy characteristics for I ′ = θ 0 dif f are given in the dual frame by
We assume A(I ′ ) to be regular and q A I ′ : M → M/A I ′ to be the smooth quotient map.
The vanishing of the Monge-Ampère invariants permits the following reduction lemma. 
The quotient I/q A I ′ = I qA I ′ ,sb /q A I ′ , and by equation (5.4) is a hyperbolic Monge-Ampère EDS.
Finally prolongation using ω 1 ∧ ω 2 as independence condition proves the final claim. The EDS I is said to be Darboux integrable (and not Monge integrable) ifV ∞ andV ∞ are rank two, in which case we may assume equations (5.1) and (5.2) hold and
We now recall a pivotal result from [3] on the geometric properties of Darboux integrable systems applied to the case of hyperbolic PDE in the plane. [i] there exists a pair of isomorphic three dimensional Lie algebra of vector-fields Γ a on M a each of which is point-wise linearly independent, transverse to K a and symmetries of K a ;
[ii] there exists open sets U ⊂ M , U 1 ∈ M 1 and U 2 ∈ M 2 containing x such that
The algebra Γ a is called the Vessiot algebra of I which is determined by a sequence of coframe adaptations, is a fundamental invariant of Darboux integrable systems whose construction is given in [3] (see also [2] ).
Before proceeding to the proofs of Theorems 1.2, 1.3, and 1.4 we need to examine the derived sequence of K a . Using the inclusion map i 1 : 
Analogous equations hold for K 2 on M 2 . These equations easily imply the following. the derived series for K 1 and K 2 are
If the Monge-Ampère invariants satisfy µ 1 = µ 2 = 0 then 
and equation (5.6) produces the right hand side of (1.6) where A cursory glance at the classification of real 3-dimensional Lie algebras shows that except for the case Γ 1 = Γ 2 = so(3), every such algebra admits a 2-dimensional subalgebra h. Therefore a basis for the infinitesimal generators Γ a may be chosen so that X 1 , X 2 and Y 1 , Y 2 are the infinitesimal generators for the action of h so that the structure equations satisfy,
In a neighbourhood of x, the sub-algebras {X 1 , X 2 } and {Y 1 , Y 2 } maybe chosen transverse to the two-dimensional derived systems K 
/Γ H be the quotient map, and p 2 the induced orbit map from Theorem 3.1 with the subalgebra Γ H ⊂ Γ diag . Letting B = (K 1 + K 2 )/Γ H , we have completed the right triangle in diagram in (1.6). Theorem 3.1 also shows that each of the elements in the right triangle of (1.6) is an integrable extension.
We now identify Γ G1 . Using the basis of infinitesimal generators Γ a adapted to the two dimensional sub-algebras in (5.9) let (5.10) 
Now by the choice of {X 1 , X 2 } and {Y 1 , Y 2 } being transverse to K ′ a , the quotient system K 1 /Γ 1 + K 2 /Γ 2 is a Pfaffian system (see [1] ) where each K a /Γ a has derived sequence rank [2, 1, 0] . Furthermore the quotient algebras {X 1 , X 2 }/{X 1 } and
Again using [2] we conclude from these remarks and equation (5.11) that (K 1 + K 2 )/Γ G1 is a rank 3 hyperbolic Pfaffian system. We use Theorem 6.1 part [i] in [2] to compute number of Darboux invariants, which states I/Γ G1 has M 1 /π 1 (Γ G1 ) and M 2 /π 2 (Γ G1 ) invariants where π a : M 1 × M 2 → M a , a=1,2. We have from equation (5.10),
Since M 1 and M 2 are 5 dimensional, we conclude (equation 6.10 in [2] ) that
If we now show that I 1 is the EDS for a PDE in the plane, the local equivalence with I s=0 will follow from a well-known theorem of Lie's which states: a hyperbolic PDE in the plane where each characteristic system admits three Darboux invariants is locally equivalent to I s=0 .
By the transversality of the one-dimensional Lie algebra Γ G1 /(Γ 1 ×Γ 2 ) = {X 2 + Y 2 } to the rank
represents a PDE in the plane if and only if θ has rank 2 (see [11] ). Let θ sb ∈ K Applying the algorithm in [2] produces the following quotient representation. Let K 1 + K 2 be the sum of two copies of the standard Pfaffian system for the Cartan-Hilbert equation
The Lie algebra Γ G2 in Theorem 5.4 is
Coordinates can be chosen on the 8-manifold M/Γ H so that the quotient map q H : M → M/Γ H is (5.14)
Coordinates on M/Γ G1 can be chose so the the map p 1 is (5.15)
Finally coordinates on M/Γ G2 can be chosen so that p 2 has the form (5.16) Engle's Theorem [4] applies and K a may be identified locally with the canonical contact system on J 3 (R, R). Finally C a = K a /q A K ′ a are the de-prolongation of K a , and may be identified locally with the canonical contact system on J 2 (R, R). This finishes the proof of Theorem 1.4 and produces diagram (1.8)
